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FIERI TYPE RULES AND Gl{2\2) TENSOR PRODUCTS 


TH. HEIDERSDORF, R. WEISSAUER 


Abstract. We derive a closed formula for the tensor product of a family of 
mixed tensors using Deligne’s interpolating category Rep{Glo). We use this 
formula to compute the tensor product between any two maximal atypical 
irreducible G/(2|2)-representations. 


Introduction 

For the classical group Gl{n) the tensor product decomposition 

between two irreducible representations is given by the Littlewood-Richardson rule. 
Contrary to this case the analogous decomposition between two irreducible repre¬ 
sentation of the General Linear Supergroup Gl{m\n) is poorly understood. A clas¬ 
sical result from Berele and Regev [BR87] and Sergeev [Ser85] shows that the fusion 
rule between direct summands of tensor powers of the standard representation 
V ~ is again given by the Littlewood-Richardson rule. The first more general 
results were achieved in [Heil4] where we obtained a decomposition law between 
any two mixed tensors, direct summands in the mixed tensor space U®’’ ® 
r, s G N. This result is based on the tensor product decomposition in Deligne’s 
interpolating category Rep{Gls) [Del07]. This category comes tor 6 = m — n with a 
tensor functor : Rep{Glm-n) Rep{Gl{m\n)) . Since the decomposition for 

the tensor product of two indecomposable elements is known for Rep{Glm-n) by 
results from Comes and Wilson [CWll], we obtain an analogous law once we de¬ 
scribe the image of Fm\n{X) for indecomposable objects X in Rep{Glm-n) ■ This in 
turn is based on results by Brundan and Stroppel [BS12b] on the interplay between 
Khovanov algebras and Walled Brauer algebras. Since any Kostant module and 
any projective representation is a mixed tensor (up to some Berezin twist), these 
results give a decomposition law for their tensor products. 

These irreducible representations are still special. For instance no nontrivial 
maximal atypical irreducible representation of Gl{n\n) is a mixed tensor. In this 
article we derive a closed formula for the tensor product Agi ^ Agj of a family of 
mixed tensors in Rep{Gl{n\'n)) and use this formula to compute the tensor product 
of any two maximal atypical G^(2|2)-representations. We hope that these results 
shed some light on this very difficult problem. In the G/(2|2)-case the irreducible 
representations are either typical, singly atypical or double (maximal) atypical. Ev¬ 
ery typical representation is a mixed tensor and every singly atypical irreducible 
representation is a Berezin twist of a mixed tensor. Hence the results of [HeiI4] give 
the decomposition law for tensor products between typical and/or singly atypical 
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irreducible representations. In [Heil4] we also explain how to decompose the ten¬ 
sor products between a typical and an irreducible maximal atypical representation 
in the G'/(2|2)-case. Hence the fusion laws between irreducible representations are 
known except for i) the tensor product of a singly atypical and a maximal atypical 
representation and ii) the tensor product between two maximal atypical representa¬ 
tions. Here we focus on the 2nd case and obtain in corollary 6.6 a formula for their 
tensor products. Similar, computer-based formulas have been obtained before in the 
more restrictive psl(2|2)-case [GQS05]. The maximal atypical representations are 
particularly interesting. For instance an irreducible representation has nonvanish¬ 
ing superdimension if and only if it is maximally atypical [SerlO] [WeilO] and every 
block of atypicality k is equivalent to the unique maximal atypical block of Gl{k\k) 
[Ser06]. In particular the fusion rules in the maximal atypical case are essential in 
our study of the quotient category Rep{Gl{n\n))/N' in [HWng]. Every irreducible 
maximal atypical representation for 0 /( 212 ) is of the form [a, b] = L{a, h\ — b, —a), 
and any such representation is a Berezin twist of one of the 5"* := [i, 0]. More gen¬ 
erally we also consider the representations S'* := [i,0,... ,0] in i?ep(G/(n|n)). Any 
such representation can be realised as the unique constituent of highest weight in 
a mixed tensor Agi. The socle filtration of the Agi is known [Heil4] . We split the 
computation of S* ( 8 > S-^ into two parts. We first project onto the maximal atypical 
block r and then compute the remaining summands afterwards. We derive a closed 
formula for the projection of Agi ® Agj onto T in section 3 and consider the result¬ 
ing equality in the Grothendieck ring Kq. Agi <S> Agj splits into representations of 
the form Ag... and mixed tensors R{a,b) whose composition factors are known in 
the G/(2|2)-case. In [Agi (g) A 53 ] G Kq the tensor product S'* (g) S^ occurs exactly 
once, and all other tensor products are of the form Ber" {S^ g) S*) with either fc, I 
smaller than i,j. This allows us to compute the maximal atypical composition 
factors of S* (g) recursively in lemma 5.2. In order to determine the decom¬ 
position into maximal atypical indecomposable representations we use the theory 
of cohomological tensor functors [HW14]. Here we consider the tensor functor 
DS : Rep{Gl{2\2)) —>• Rep{Gl{l\l)). The main theorem of [HW14] gives a formula 
for DS{L) for any irreducible representation and we get DS{S'^) = Her* © HHer* 
where H denotes the parity shift. This gives us strict estimates on the number of 
indecomposable summands and their superdimension which is enough to get the 
final result 6 . 6 . In section 6 we compute the indecomposable summands which are 
not maximal atypical. The remaining composition factors in Agi ® Agj are all 
(n — 2)-atypical, hence projective for n = 2. Hence they cannot combine to an 
indecomposable representation and the ATo-decomposition is enough for the com¬ 
putation. These methods allow in principle to compute the decomposition S'* g) 
for any n. However it is very difhcult to determine the composition factors of the 
mixed tensors i?(a, b) for n > 3. We end the article with a conjecture concerning 
the decomposition of S* g and its socle for arbitrary n. 

1. The superlinear groups 

Let k be an algebraically closed field of characteristic zero. Let g = 0 [(m|n) = 
00 ® fli be the general linear superalgebra and G/(m|n) the general linear super¬ 
group. By definition a finite dimensional super representation p of 0 [(m|n) defines 
a representation p of Gl(m\rL) if its restriction to 0 o comes from an algebraic rep¬ 
resentation of Gq, also denoted p. We denote the category of finite-dimensional 
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representations with parity-preserving morphisms by T = T^in- For M £ T we 
denote by M'^ the ordinary dual and by M* the twisted dual. For simple and for 
projective objects M of T we have M* = M. 

The category TZ. Fix the morphism e : Z/2Z —>■ Gq = Gl{n) x GKn) which 
maps —1 to the element diag{En,—En) £ Gl{n) x Gl{n) denoted e„„. We write 
Cn = Crm- Notice that Ad(e„n) induces the parity morphism on the Lie superalgebra 
g[(n|n) of G. We define the abelian subcategory 7?. of T as the full subcategory of 
all objects (V,p) in T with the property pv = p(enn); here p denotes the under¬ 
lying homomorphism p : Gl(n) x Gl{n) -£ GKV) of algebraic groups over A. The 
subcategory TZ is stable under the dualities ^ and *. For G = Gl{n\n) we usually 
write Tn instead of T, and TZn instead of TZ, to indicate the dependency on n. The 
irreducible representations are indexed by weights with respect to the standard 
Borel subalgebra of upper triangular matrices. We denote by L(A) the irreducible 
representation with highest weight A = (Ai,..., A„|A„+i,..., A„+„). The Berezin 
determinant of GZ(n|n) defines a one dimensional representation B = Ber with 
weight (1,..., 1 I — 1,..., —1). An object M £ Tn is called negligible, if it is the di¬ 
rect sum of indecomposable objects Mi in T„ with superdimensions sdim{Mi) = 0. 
The ideal of negligible objects is denotes M or Mn- 

2. Mixed tensors 

Let MT denote the full subcategory of mixed tensors in TZn whose objects are 
direct sums of the indecomposable objects in TZn that appear in a decomposition 
F®'’ 0 for some natural numbers r, s > 0, where F £ TZn denotes the stan¬ 

dard representation. By [BS12b] and [CWll] the indecomposable objects in MT 
are parametrized by (n|n)-cross bipartitions. Let RnW (or i?(A) if the dependency 
on n is clear) denote the indecomposable representation in TZn corresponding to 
the bipartition A = (A^,A^) under this parametrization. To any bipartition we 
attach a weight diagram in the sense of [BSll], ie. a labelling of the numberline Z 
according to the following dictionary. Put 

/^(A) :={Af,A^-l,Af-2,...} and /v(A) := {1 - Af, 2 - A«,...} . 

Now label the integer vertices i on the numberline by the symbols A, V, o, x accord¬ 
ing to the rule 

o if i ^ /a U Jv, 

A if i e Ja, i ^ /v, 

V A i £ ly , i ^ /a , 

X if i S /a n ly. 

To any such data one attaches a cup-diagram as in section [CWll] or [BSll] and 
we define the following three invariants 

rfc(A) = number of crosses 
d{\) = number of cups 
k{\) = rk{\) + d{\). 

A bipartition is (n\n)-cross if and only if fc(A) < n. By [BS12b] the modules 
R{X^, A^) have irreducible socle and cosocle equal to L{X^) where the highest weight 
A^ can be obtained by a combinatorial algorithm from A. Let 0 : A —>• X'^{n) denote 
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the resulting map A i-A A'^ between the set of (n|n)-cross bipartitions A and the set 
X^{n) of highest weights of TZn- 

Theorem 2.1. [Heil4] R = i?(A^,A^) is an indecomposable module of Loewy 
length 2d{X) + 1. It is projective if and only if k{X) = n in which case we have 
i? = P(At). 

Deligne’s interpolating category. For every 6 G k we dispose over the category 
Rep{Gls) defined in [Del07]. This is a fc-linear pseudoabelian rigid tensor category. 
By construction it contains an object st of dimension d, called the standard repre¬ 
sentation. We have a tensor functor : Rep{Glo) -G TZn by mapping the 

standard representation of Rep{Gltf) to the standard representation of Gl{ri\n) in 
TZn- Every mixed tensor is in the image of this tensor functor [CWll]. 

3. The symmetric and alternating powers 

We define as in [Heil4] 

Kgi := R{i; 1®) and := (As*)^ = i). 

We define = [i, 0,..., 0] for integers i > 1. We denote the trivial representation 
S° by 1 . 

Lemma 3.1. [Heil4] The Loewy structure of the Agi is given by (n >2) 

A51 = 

Asi = l<i^n 

Agr. = (S'"-!, S'” © S”-^ © P-!, S"-!). 

We now derive a closed formula for the tensor products Agi ^Agj and Ayvi © A^i. 
It turns out that the maximal atypical summands are not irreducible whereas all 
other summands are irreducible. Therefore we split the computations in two parts: 
we first compute the projection to the maximal atypical block of Agi iSiAgj and deal 
with the remaining easy case later in section 6. In the following formulas we often 
project to the maximal atypical block. Recall from [Heil4] that a mixed tensor 
R{X^,X^) is maximal atypical if and only if A^ = {X^)*. In this case we simply 
use the notation R{X^), e.g. Agi = R{i) and A^i = P(l*)- 

Lemma 3.2. The atypical Gl{l\l)-modules in AIT are the Agi and their duals 
Aj^j . They are the projective covers Agi = P[i — 1] and A^i = P[—j + !]• 

Proof. They are projective since k{X) = 1. The statement about the top follows 
from an explicit computation of the map 9. □ 

Corollary 3.3. In GZ(1|1) 

Agi © Ay^j =A_gi-i+y|+2 © 2Ag'i-i+j|+i ©Agi-i+ji 

Agi © Agj =Agi+j © 2 • Agi+j-l © Agi+j-2 
Proof. This is just rewriting the known formula (a, 6 G Z) 

P[a] © P[b] = P[a + b+l]® 2P[a + 5] © P[a + 6 - 1] 
from [GQS07]. □ 

Let us assume from now on m, n > 2. 
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Lemma 3.4. After projection to the maximal atypical block (n>2) 

Agi 0 Af^j =Agi-i+j|+2 © 2Agi-i+j|+i © Agi-i+j| © i?i 
Agi © Agj =Agi+j © 2 ■ Agi+j-i © Agi+j-2 © i?2 

where Ri and i ?2 are direct sums of modules which do not contain any Agi or Aj^j. 


Proof. This follows from the G'Z(l|l)-case and the identification between the pro¬ 
jective covers and the symmetric and alternating powers. In G'/(l|l) [GQS07] 

P[a] © P[b] = P[a + 5 - 1] © 2P[a + b]®P[a + b+ 1], 

Hence this formula holds for the corresponding Agi respectively A^i. It then holds 
in Rep{Glo) up to summands in the kernel of Fi : Rep{Glo) —t Rep{Gl{l\l)). The 
kernel consists of the R{X) with fc(A) > I. By [Heil4] a maximal atypical mixed 
tensor satisfies d{X) = 1 (and hence k{X) = I) if and only if and only if A = (i; I®) 
or A = (I*;*). Hence this formula holds in any Rep{Gl{n\n)) up to contributions 
which lie in the kernel of Fn\n • Rep{Glo) —^ Rep{Gl{n\n)) and which are not 
(l|I)-cross. □ 


In order to compute Agi © A^j we compute R{i) © R{j) in Rep{Glo). We then 
push the result to Rep{Gl{n\n)) using We recall the tensor product decompo¬ 
sition in Rep{Glo). 

Caps. We attach to the weight diagram of a bipartition a cap-diagram as in 
[BSll]. For integers i < j one says that {i,j) is a VA-pair if they are joined by a 
cap. For A, /i e A one says that p, is linked to A if there exists an integer k > 0 
and bipartitions for 0 < n < fc such that = A, = p and the weight 
diagramm of is obtained from the one of by swapping the labels of some 

pair VA-pair. Then put 


Dx.ii = 


p is linked to A 
otherwise. 


One has Ua.a = 1 for all A. Further £>A,/i = 0 unless p = Xor \p\ = (|A^| —|A^|—z) 
for some z > 0. Let t be an indeterminate and Rs respective Rt the Grothendieck 
rings of Rep{GLs) over k respective of Rep{GLt)) over k{t). We follow the notation 
of [CWII] and denote by (A) the image of R[X) in Rt. Now define lifts '. Rs ^ Rt 
as the Z-linear map defined by lifts(X) = '^^Dx.tiP where the sum runs over all 
bipartitions p. By [GWll], Thm. 6.2.3, lifts is a ring isomorphism for every S € k. 

Tensor products. By [GWll], Thm 7.1.1, the following decomposition holds for 
arbitrary bipartitions in Rp 

V 

«eA 

with the numbers 


n,= E (E 


A^ 

C^^CZ 


kcc'^k.ZS^ ( ^ ^ '"■yri 
a.P.ri.OeiP ■y€P 


X^ V . 

C^„CZa ) C^ffC, 


aO ; 


see [GWll], Thm 5.1.2. In particular if A h (r, s), p h (t'jS'), then F^]^ = 0 
unless |u| < {r + r',s + s'). So to decompose tensor products in Rep{Gls) apply 
the following three steps: Determine the image of the lift lifts{Xp) in Rt, use the 
formula above and then take liftf . 


6 


TH. HEIDERSDORF, R. WEISSAUER 


Lifts. We continue to use our notation for the maximal atypical case and write 
(i) instead of (i; 1*). Clearly = (i) + {i — 1), = (1*) + Hence 

in order to compute the tensor product R{i) 0 R{j) we have to compute the tensor 
product (z) (g) (j) © (z) © {j — 1 ) © (z — 1 ) © (j) © (z — 1 ) © {j — 1 ) in Rt. 


We derive first a closed formula for (z) © (j) in Rt, i.e. ((z, 0,...), (1*)) © 

• The contribution Here = (1*) and = (j, 0,...). We 

need to find all pairs of partitions (o, b) such that is non-zero. We denote 
this by Now the Fieri rule gives = (0, j), (1, j — 1),..., (j — 

1,1), (j, 0) and = (0,1*), (1,1*“^),..., (1*, 0). This permits only the 

pairs ( 0 ,z) -H- ( 0 , 1 ^) and (l,z — 1 ) -H- ( 1 , 1 ^“^) (to have same 7 ). 

• The contribution Z?' Here = (I-’), = (z). As in the 

previous case this gives only the possibilities Cq and c\ 

Hence the sum 

a,(3,7],6 kGP -yGP 

collapses to 


(C( 


rl' ■ 


+ C 




- 1 ) (Cq iic4 


This corresponds to the choices 

• (A) a = i, (3 = V 

• (B) Of = z — 1, P = P~^ 

• (C) V = 1 % & =j 

• (D) z7 = H-i, 9 = j-1. 

Only for these choices AC, AD, BC, BD can there be a non-vanishing contri¬ 
bution c((, From now on we only consider bipartitions p with = {v^)* and 

identify such a bipartition with the partition . 

• The AC-case: ,u^). By the Fieri rule can be any of (z + 

j), (z+j- 2 , 2 ),... and any of (!*+■’), {2,V+^-^,..., 

j\). Hence the following partitions p (i.e. bipartitions of the form {u^; 
appear with multiplicity 1 : 


(z + j), (z + j - 1, 1 ),..., {{max{i,j), min{i,j)). 

• The AD-case: p-i- Restricting to we obtain 

zz e {(z +J - 1), (z + j - 2,1),..., ((TOaa;(z, j),TOzn(z, j) - 1))}. 

• The BC-case: p. Here zz is any of 

zz G {((z +J - 1), (z + j - 2, l),...,{{max{i,j),min{i,j) - 1))}. 

• The BD-case: p-i. Here 

zz G {((z + J - 2), (z + j - 3,1),..., {max{i - l,j - l),TOzn(z - l,j - 1)).} 
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Hence 

(*) ® (j) = 

(i + j) ® (* + J - 1 ) 1 ) ® • ■ • ® ii'max{i,j),min{i,j)) 

®(* + j — 1 ) © (i + j — 2 , 1 ) © ... © ({max{i,j),min{i,j) — 1 )) 

©(* + j — 1 ) © (i + j — 2 , 1 ) © ... © {{max{i,j),min{i,j) — 1 )) 

®((* + J — 2) © (i + j — 3,1) © ... © {max{i — l,j — l),min{i — l,j — 1)). 

In the special case j = l,i > 1 we get (j — 1) = 0 and hence © (1)) = 

(i) © (1) © (i) © (i — 1) © (i — 1) © (1). In Rt we have 

(i) © (I) = (i + I) © {i, 1) © 2(i) © (i - I) 

so that 

lift{{i) © (1)) = (i + I) © {i, 1) © 4(i) © (i - 1,1) © 4(7 - I) © (i - 2). 

After removing the contributions which will lead to Agt+i © 2Agi © Agi-i we are 
left with {i, 1) © (i) © (i — 1,1) © (i — 1). Hence 

Lemma 3.5. For i > 2 

Agi © Agi = Agi+i © 2Agi © Agi-i © R{i, I). 

In the general case we add up the contributions ((i) © (i — I)) • ((j) © (j — I)) = 
{i){j) © (i)(j — I) © (i — l)(j) © (* — l)(j — 1). All the summands are of the following 
types (a,0), (a, 6 ), a > 6 > 0 or (a, a), a > 0. We have 

lift{a, b) =(a, 6 ) © (a, & — I) © (a — 1, 6 ) © (a — I, & — I), a > 6 > 0 
a) =(a, a) © (a, a — 1 ) © (a — 1 , a — 2 ) © (a — 2 , a — 2 ). 

After removing the contributions in Rt which will give the Agi+j © 2 • Agt+j-i © 
Agi+j -2 and applying successively the liftings from above we get the following de¬ 
compositions. We assume m = n > 2, i > j. For i > 2,j = 2 we get 

Agi © Ag2 =Agi+2 © 2 • Agi+l © Agi 

© Rii + 1,1)© R{i, 2) © 2 • R{i, 1) © R{i - 1,1) 

Assume now i > 2, j >2 und i ^ j and i > j. Then 

Agi © Agj =Agi+j © 2 • Agt+j-i © Agi+j-2 

© R{i + j -1, 1) 

© i?(7 + j - 2, 2) © 2 • R{i +j -2, 1) 

© i?(7 + j - 3, 3) © 2 • R{i +j -3,2)® R{i + j - 3, 1) 

© i?(7 + j - 4,4) © 2 • R{i + j - 4, 3) © R{i + j - 4, 2) 

© R{i + j — 5,5) © ... 

© R{i,j) © 2 • R{i, J - 1) © R{i, j - 2) 

© Rii - - !)■ 

Now assume i = j. For i = j = 2 we get 

A 52 © Ag2 =Agi © 2 • A 53 © A 52 

©i?(3,l)©i?(2,2)©2-i?(2,l). 
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For i = j > 2 we get 

(S) A^J =ALgi+j 0 2 • A.gi+j-1 0 ALgi+j-2 
0 R{i + j -1, 1) 

0 i?(i 0 j - 2, 2) 0 2 • R{i +j -2, 1) 

0 0 j - 3, 3) 0 2 • R{i 0 j - 3, 2) 0 R{i 0 j - 3,1) 

0 0 j - 4,4) 0 2 • R{i 0 j - 4, 3) 0 R{i 0 j - 4, 2) 

0 R{i 0 j — 5,5) 0 ... 

®R{i,j) 0 2 • R{i,j - 1) 0 R{i,j - 2). 

We get the same result as for i ^ j with omitting the last factor 0 i?(i + j — 
min{i,j) — l,min(i, j) — 1). 

Example. We obtain 

As2 0 A 52 = A 54 0 2 A 53 0 A 52 0 R{3, 1) 0 R{2, 2) 0 2 • R{2, 1) 

As3 0 A 52 = Ags 0 2As4 0 A 53 0 i?(4,1) 0 i?(3,2) 0 2 • R{3, 1) 0 R{2, 1). 

The highest weights appearing in the socle and head of these indecomposable mod¬ 
ules are [3,0, ...,0] (for A = (4,1)), [2,1, 0,..., 0] for A = (3,2), [2,0,...,0] for 
A = (3,1), [0,0,..., 0] for A = (2, 2) and [1,0,..., 0] for A = (2,1) 

4. The tensor products Asi 0Aa3 

We derive a closed formula for projection on the maximal atypical block of the 
tensor product Agi 0 Aa^. This won’t be needed for the Gl{2\2) calculations. We 
have 

lift{{i) 0 (P)) = (i) 0 ( 1 -^) 0 (i — 1 ) 0 ( 1 -^) 0 (i) 0 (P“^) 0 (i — 1 ) 0 ( 1 ^~^) 

in the Grothendieck ring Rt. We may assume that j > 1 since Agt ^ A/^i = Agt ^ 
A 51 . We may also assume that i > j since {Agi 0 Aa 3 )^ = A^i 0 A 53 . We compute 
(i) 0 (1-1) in Rt. Recall the classical Fieri rule (i) 0 (1-^) = (i 0 1,1-^“^) 0 (i, 1-^). 

• The sum J2-yeP e' evaluate this for A^ = (1*), = (1-^). 

(A«)-1 = (0,r), (l,F-^), (F,0) and = (0,P), (l,P-i), ..., 

(1-^,0). Pairs with the same 7 are 

( 0 ,F)eA( 0 ,P), 

(l,F-i)fA(l,p-i), 


• The sum Yl,neP 0 '- Here = (j), A^ = (t). Here the permitted 

pairs are the 

( 0 ,i) ^ ( 0 ,j), 

(l,i - 1 ) O ( 1 , j - 1 ), 

. . . , 

(min(i,j), {i - \i - j\) O {min{i,j), (j - j* - jj)- 
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Hence the sum Ea,/ 3 ,.?, 0 (E^ePcollapses to 

H“ ■ • ■ H“ ^min{i,j),i—\i—j\^min{i,j),j—\i—j\') 

(Cq itCo ij + . . . “t" U—j| li —U—j| ) 

We have to evaluate ^ ^ ^ The following values for these for a, 

13, r], 0 give non-vanishing coefficients (let t = min(i,j)): 

a) a = i, (3 = j a)' rj = 1 *, 6 = P 

b) a = i — 1, P = j — 1 b)' rj = 1 *“^, 9 = 

t)a = i —t, I3 = j —t t)' 77 = 1 *“*, 9 = P~^. 

This gives {t + 1)^ non-vanishing products, namely aa’, ah’, ..at, ba’, bb’, ..., 
tt. Now we use (i) ® (1^) = (i -I-1, © {i, 1^) in order so see which ones will give 

maximally atypical v. Now y\ ^ = '^a /3 e rj ■ ■ ■ ~ unless the indices form one of 
the tuples aa', ab', ..., at', ba', bb', ..., tt'. 

We first treat the partial sum aa' + ab' + .. .at'. In that case only aa' and 
ab' give a contribution, aa' yields {i + 1, and {i, P) and ab' yields {i, 1^“^). 

Now consider a generic summand Ik', i ^ a, t. The corresponding product of the 
Littlewood-Richardson coefficients is c('_j p-kCj_i,, li-i. The possible are of the 
form 

= + 1 , = {l-l, P-'^) 

and the possible are of the form 

= {j-k + i, T-'-i), = {j -k, r-0. 

We only consider i/ with = iy^)*. We have p[)* = {j — k, 1*“^). This is equal 
to one of the two for k = I in which case we get and P 2 ) a contribution. 
The pair Ik will not give any contribution for k ^ {I — 1,1,1 + 1}. For ^ = A: + 1 we 
get the contribution pi) and for ? = fc — 1 we get the contribution P 2 ). The sum 
ta' + ... + tt' gives the contribution 

f(* - J + 1) ® (* - j) *>J 
< (P-*+i)©(P -0 j>i 

i(l)®(0) ^=J 

Hence we obtain the following closed formula: 

(i) © (H) = (i + 1 , P“i) © {i, H) © [i, 

t-i 

© 0[ (z - 1, p-'-i) © (z -p-0 © (z - z + 1 , p-'-i) © (z -; + 1 , v-‘) ] 

1^1 

f (z - j + 1 ) © (z - j) z > j 
© (p-*+l) © {p-p j > i 

i(l)®(0) i=J 

We apply this formula to the four summands of lift{{i)(Si{P)), namely (z)©(l^), 
(z — 1) © (1-^), (*) © and (z — 1) © (1-1“^). The contributions in the total sum 
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are either of the form (i) or (1-^) or {i, V). We have 

P) = (i, P) © (i — 1, 1 ^) © {i, 1 ^“^) © (i — 1 , P“^). 

From the GZ(l|l)-case (see 3.4) we know that the contribution of the alternating 
and symmetric powers will be given by {i > j) 

Agi ® Ayvj = Ag|_i+3i+2 © 2A_5i-i+3i+i © Ag'i-i+ji © R 

and by 

Agi © Aa^ = As+2 © 2A © Aa 2 © i? 

for i = j for some i?-term which does not involve any alternating or symmetric 
powers. Removing all the corresponding bipartitions from the total sum and work¬ 
ing downwards as in the Agi © Agj-case we obtain the final result. For i = j = 2 
we obtain: 

Ag2 © Aa 2 = As +2 © 2A © Aa 2 © i?(3,1) © R{2, 1^) © 2R{2, 1) 
and for i > j = 2 we obtain 
A^'i A ^2 = 

Agi © 2Asi-i © Agi-2 © R{i + 1,1) © R{i, 1^) © 2R{i, 1) © R{i - 1,1). 

The general formula is for i> j > 2 as follows 
Agi © Aaj =As|-i+j |+2 © 2As|-i+j| + l © As|-i+j| 

©i?(i+J-(J-l),p-l) 

© R{i + J - J, P) © 2R{i, p-i) © R{i, p-2) 

© R{i A j - k,l^)®2 - R{i + j - fc, 1'="^) © R{i + j - fc, 1^~^) 

©... 

© R{i - j + 2,1^) © 2 • R{i -j + 2, 1) 

© R{i — J + 1,1). 

For i = j > 2 one has to remove the last term R{i — j + 1,1). 

Example. For any n >2 we get 

As3 © Aa 2 = Ag3 © 2As2 © Agi © R(4,1) © R(3,1^) © 2i?(3,1) © R{2, 1) 

As3 © Aa3 = Ag2 © 2A © Aa 2 © i?(4,1^) © R{3, 1^) © 2i?(3,1^) © i?(3,1) 
©i?( 2 ,P)© 2 R( 2 ,l). 

5. Gl{2\2) TENSOR PRODUCTS - THE MAXIMAL ATYPICAL PART 

We compute the decomposition of the tensor product of any two maximally atypi¬ 
cal irreducible modules in 7^2 ■ In this section we compute only the direct summands 
which are maximal atypical. The remaining summands are computed in section 6 . 
The basic idea is to look at our formulas for Agi ® Agj in the Grothendieck group 
and use these to compute the composition factors of S'* © recursively starting 
with the obvious tensor product S*©S°. We then determine the decomposition into 
indecomposable summands using results on cohomological tensor functors [HW14] 
and case-by-case distinctions. 
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5.1. The 7?.2-case: Setup. Every maximally atypical irreducible representation 
L(A) = [Ai,A 2 ] is a Berezin twist of a representation of the form S'^ := [i,0] for 
i G N. Since tensoring with Ber is a. flat functor, it is therefore enough to decompose 
the tensor product S'* 0 . The Ext-quiver of the maximal atypical block E of TZ 2 

can be easily determined from [BSlOa]. It has been worked out by [Dro09]. For all 
irreducible modules in T we have dimExt^{L{X), L{fi)) = dimExt^{L{fi),L{X)) = 
0 or 1. The Ext-quiver can be picturised as follows where a line segment between 
two irreducible modules denotes a non-trivial extension class between these two 
modules and where an irreducible module [x,y] is represented as a point in 7?. 



The Loewy structure of the projective covers of a maximally atypical irreducible 
module can also be computed from [BS12a] or be taken from Drouot: For [a, 6], a = 
b + k,k > 3 the Loewy structure (we display the socle layers) is 


P[a, b] = 


B^-'^Sk \ 

^a—k 0 ^a — k^k—1 0 ^a—k — 1 ^k-\-l 0 ^a—k-\-l ^k — 1 
2^a—0 ^a—k — 1 ^k-\-2 0 ^a—k—1 ^k 0 ^a — k-\-2^k—3 
^a—k^k-\-l 0 ^a — k^k—1 0 ^a—k — 1 ^k-\-l 0 ^a—k-\-l ^k — 1 
^a—k i^k 


P[a, b] = 


For [a, 6], a = 6 -I- 2 the Loewy structure is 

25a-2^2 ^ 50-35.4 ^ 50-352 ^ 50-152 ^ 50-1 
50-253 0 50-251 ^ 50-353 ^ 50-151 
\ 50-252 

For [a, 6], a = 6 + 1 the Loewy structure is 

/ \ 

I B°‘~^S'^ © oplusB°‘~'^ 


>B 


a-2 


P[a, b] = 


50-152 ©50-1 

50-151 
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For [a,b],a = b the Loewy structure is 


P[a, b] 


/ \ 

2B“ © © B'^S^ © © S“+2 

V / 


5 . 2 . The 7^2-case: Mixed tensors. We specialise our decompositions to the 7^2- 
case. All formulas hold only after projection to F. For i,j <2 we get 

A5I © A5I =A52 © 2A5I © A^2 

Agi © A 51 =Asi+i © 2 • Agi © Agi-i © P[i -1,0]. 

A^i © A 52 =A 5 i + 2 © 2 • A^i + l © A^i 

© P([i, 0]) © P{[i - 1,1] © 2 • P{[i - 1,0]) © P{[i - 2, Oj) 

where we assumed i > 1 respectively i > 2. Assume now i > 2, j > 2 und i ^ j 
and without loss of generality i > j. 


-Agi+j 

©2 • 

A^gi+j-1 0 

Agi+j-2 




©P[z 

+ j 

-2,0]) 





©P[z 

+ j 

-3,1] ©2 

■ P[i+j - 

-3,0] 



©P[z 

+ j 

- 4, 2] © 2 

■ P[i+j - 

-4,1] 

© P[z +j- 

4,0] 

©P[z 

+ j 

-5, 3] ©2 

■ P[i+j - 

-5,2] 

© P[z +j- 

5,1] 

©P[z 

+ j 

- 6, 4] © .. 





©P[z 

-1, 

J - 1] © 2 


7-2] 

®P[i- l,j 

-3] 

©P[z 

-2, 

7-2]. 






For i = j = 2 

As^ © As 2 = As4 © 2As3 © As2 © P[2, 0] © P[0, 0] © 2P[1, Oj. 
For i = j > 2 we have 

Agi © Agj =Agi+j © 2 • A^i+J-l © Agi+j-2 
(BP[i + j-2,0]) 

© P[t + J - 3,1] © 2 ■ P[i + J - 3,0] 

© P[t + j - 4, 2] © 2 • P[i + j - 4,1] © P[i + j - 4, 0] 
© P[t + J - 5,3] © 2 ■ P[i +j-5,2]® P[i + j-5, 1] 
©P[t+j-6,4]®... 

© P[t - 2, i - 2] © 2 • P[t - 1, z - 2] © P[t - 1, z - 3]. 


5.3. The P2-case: A'o-decomposition. The tensor product decomposition of the 
Agi Agj along with the knowledge of the composition factors of the indecompos¬ 
able summands permits to give recursive formulas for the ATo-decomposition of the 
tensor products S'^®)SA Due to the asymmetry of the formulas and the asymmetry 
of the A'o"decompositions for Agi and P[a, b] for small z and a — b we compute 
the tensor products for small z and j first. The A'o-decomposition follows 
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immediately from the A 51 0 A 51 -decomposition since all other factors are known. 
We get 

5*^ (g) S'l = 21 © 25'^ © B © B~^ © © S"^. 

Similarly one computes 

S '2 © S'l = 2S^ + S^ + B-^S^ + 5*^ + BS^ 

(g) + B-^S^ + 2S^ + S'2 + BS"^ + 2BS^ + 1 + 2B + B^. 

Lemma 5.1. For i > 1 we have P[i, 0] = 2Agi+i + B~^Asi +2 + BAgi. 

Proof. This is just a direct inspection of the Loewy structures above. □ 

Lemma 5.2. For all i > j we have in the Grothendieck group 
5* © =2(5*+^-^ + BerS^+^-^ + • • • + 

+ S'*+^(l + Ber-^) + • • • + Ber^S^-^{l + Ber-^) . 

For i = j we get 

© S'* = 2 (S 2 *-i + BerS^^-^ + • • • + BeF-^S^) 

+ S2*(l + Ber-^) + • • • + BeF{l + Ber-^) + . 

Proof. We first consider the cases S* © S^ and S* © S^ for i > 1 respectively i > 2. 
The case S*©S^, i > 1: For the induction start i = 2 see above. Put Ci = S*©S^ in 
Aro(7^n). For i > 4 we get then the uniform formula S*©S^+2S*“^©S^+S*“^©S^ = 
(S*+i + 2S* + S*-i) + (S*-i + 2S*-2 + S*-3) + (2^-1 + Ber-iS*+i + Ber-^S^-^ + 
BerS'^~^ + BerS^~^). Hence using the induction assumption S*“^ © S^ = 2S*“^ + 
S*-i+Her-iS*-i+S*-3+HerS*-3 we get S*©Si = 2 S*+S*+i+S*-i+Her-iS*+i + 
BerS'^~^, and this proves the induction step. Likewise for S* © S^. Now assume 
i> j >2. Then for Agi © Agj we get the regular formula in Ko{TZn) 

Agi © Ag, =S* © + 4(S*-i © S^-^) + 2(S*-^ © S^)+ 

2(S*-^ © S^-2) + 2(S* © S^-i) + S* © S^-2+ 

2 (S *-2 © S^-i) + S *-2 © + S *-2 © S^- 2 . 

All tensor products except S* © S-l are known by induction. On the other hand this 
sum equals Agi+j © 2Agi+j © Agi+j —2 © P^i © j — 2, 0] © 2P[i © j — 3,0]© P\i F j — 
4, 0](1 © H) © 2BP[i © j - 5, 0] © BP[i © j - 6, 0](1 © H) © ... © 2B^-^P[i -j + 
1, 0] © B^~'^P[i — j, 0](1 © B). Plugging in P[a, 0] = 2 A 5 a+i © P“^A 5 a +2 © Aga for 
all a > 1 and comparing terms with the same P-power on both sides finishes the 
proof. The case z = j works exactly the same way. □ 

5.4. The P 2 -case: Socle Estimates. We say w{M) = fc for a module M, if 
© Ber~^M. Examples: w{S'^) = i — 1 and w{Ber) = 2, and therefore 

z«(S'* © S^) = i + j — 2 . 

On the other hand for ^i-selfdual modules M we have 

soc{M) = cosoc{M) , 
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since *-duality is trivial on semisimple modules. On the other hand w{M) = 
k implies soc{MY — Ber~^cosoc{M), so that both conditions together imply 
w{soc{M)) = k. Hence being semi-simple, it is a direct sum of modules 

soc{M) = soc'(M) © m{iy) ■ Ber'^ 

with S'® = 0 for i < 0 and certain multiplicities plus a sum soc'{M) of modules 

of type 

{Ber^ ® BeY-''-^+^)S^ 

for certain S Z and certain natural numbers j with k — u — j + \^u. 


Proposition 5.3. For i > j > 2 we have soc'(M) = 0 for M = S' ^ ® S-^ ^ 
and 

soc{S'-^ © S^-i) -A 3 • S®+^-3 © 2 ■ BerS'+^-^ © • • • © 2 • BeY-^S'-^+^ . 

For i = j > 2 we have 

soc{S'-^ © S'-^) -A 3 • S2®-3 © 2 • BerS^'-^ © • • • © 2 • Ber'-^S^ © . 

Proof. Assume i > j. Note that soc{M) ^ soc{Asi ® Asj) and by the above 
formulas the latter is 

S®+^-i©3S®+^-2 © 3S®+^-3 © {Ber © 1)S®+^-^ © 2BerS'+^-^ 

©(Her © l)HerS®+^-® © 2Ber^S'+^-'^ © • • • 

©(Her © l)Her^-2S®-^' © 2BeY-'^. 

Since k = w{M) = (z — 1) — 1 + (j — 1) — 1 = i + j — A, this implies the as¬ 
sertion soc'{M) = 0. Indeed the terms S®+'^“^ © 3S®+'^“^ and also N = {Ber © 
l)Her®®S®+'^“"‘“^‘® cannot contribute to soc'{M), since 

AtV ={Ber-^ © l)Ber-'^Ber-'-^+^+^'^ 

={Ber-^ © i)Ber-®-^+3+®®S®+^-'^-^‘® 

and 

Ber-^N =Her“'®(Her © l)Her'®S®+^"^“2'® 

={Ber^ © Her)Her"®“^+3+'®S®+^"'^“^®' 

have no common irreducible summand. Hence soc{M) is contained in 3 • © 

2 • BerS'^^~^ © • • • © 2 ■ Ber^~'^. The proof is analogous for i = j. □ 

5.5. The Duflo-Serganova functor DS. We recall some constructions from the 
preprint [HW14]. 

An embedding. We view Gn-i = 0/(11 — 1111 — 1) as an ‘outer block matrix’ in 
Gn = Gl{n\n) and Gi as the ‘inner block matrix’ at the matrix positions n < i,j iS 
n + 1. Fix the following element x G gi, 



/o 

0 

... 0\ 

(o o) y = 

0 

0 

... 0 


I’l' 

0 

0 Oy 


X = 
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We furthermore fix the embedding 

V^n,l : Gn-l X Gi ^ Gn 

defined by 



(A 

0 

0 


(A B\ (a b\ 

0 

a 

b 

0 

(g -oj ^ Vc d)^ 

0 

c 

d 

0 



0 

0 



We use this embedding to identify elements in G„_i and Gi with elements in G„. 
In this sense e„ = holds in G„, for the corresponding elements e„_i and ei 

in G„_i resp. Gi, defined in section 1. 

Two functors. One has a functor {V, p) i-A V~^ = {i; S | p(ei)(i;) = u} 

: T^n T^n-l 

where is considered as a G„-i-module using p{ei)p[g) = p{g)p{ei) 

Similarly define V~ = {v gV \ p{ei){v) = —v}. With the grading induced from 
V = Vq®Vj this defines a representation V~ of G„_i in II7Zn-i. Obviously 

= y+ © y- . 

Cohomological tensor functors. Since x is an odd element with [x,x] = 0, we get 
2 ■ p{x f = [p{x), p{x)] = p{[x, x]) = 0 

for any representation {V, p) of G„ in Notice d = p{x) supercommutes with 
p(G„_i). Furthermore p{x) : holds as a fc-linear map, an immediate 

consequence of dpiei) = —p{ei)d, i.e. of Ad{£i){x) = —x. Since p(x) is an odd 
morphism, p{x) induces the following even morphisms (morphisms in TZ„-i) 

p{x ): y*' —> n(y“) and p{x): n(y“) —>• . 

The /c-linear map d = p(x) : V ^ V is a, differential and commutes with the action 
of G„_i on (y, p). Therefore d defines a complex in TZn-i 

—^ y+ —^ n(y“) —^ y+ —^— 

Since this complex is periodic, it has essentially only two cohomology groups de¬ 
noted H^{V,p) and H~{V,p) in the following. This defines two functors {V, p) M- 
D^^^_,{V,p)=H^{V,p) 

^n,n-l ■ ^ T^n-1- 

For the categories T = T„ resp. T„_i (for the groups G„ resp. Gn-i) consider 
the tensor functor of Dufio and Serganova in [DS05] 

DSn^n-l '■ Tn —t Tn-l 

defined by DSn,n-i{V, p) = 14 := Kern{p{x))/Im{p{x)). Then for {V, p) G TZn 

H+(v,p)en(H-(v,p)) = nSn,„.i(V). 

Indeed, the left side is DSn,n-i{y) = Vx for the fc-linear map d = p{x) on y = 
y+ © y“. Hence is the functor obtained by composing the tensor functor 

DSn,n-l ■ T^n T„_i 


with the functor 


Tfi-l —>■ TZn-l 
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that projects the abelian category T„_i onto TZn-i using Tn = TZn © HlZn- 

The ring homomorphism d. As an element of the Grothendieck group AToC^n-i) 
we define for a module M £ TZn 

d{M) = H+{M) - H-{M) . 

The map d is additive by [HW14]. Notice 

KoiTn) = KoiUn) © Ko{TZn[l]) = KoiTZn) © (Z © Z ■ n) . 

We have a commutative diagram 

Ko{Tn) - ^KoiTZn) 

DS d 

KoiTn-l) - ^KoiTZn-l) 

where the horizontal maps are surjective ring homomorphisms defined by 

U ^-1 . 

Since DS induces a ring homomorphism, d defines a ring homomorphism. 

5.6. The 72.2-case: Indecomposability. If we display the composition factors of 
S'* © S^ in the weight lattice of T, we get the following picture. Here □ denotes 
composition factors occuring with multiplicity 2 and the o appear with multiplicity 
1. The socle is contained in the subset of composition factors denoted by □. 


o-□-o 


o-□-o 


o-□-o 


o 

with the two o to the upper left at position S‘^~^ and and the ones 

to the lower right at position B~^S'^~^^ and S*'*'-!. The picture in the i = j-case is 
similar 
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O 



with the composition factor © at position ^ appearing with multiplicity 2 
and the additional o at position B‘^~^. 

We now make use of the cohomological tensor functors DS. In the G'/(l|l)-case 
S'* ~ and hence S* © S^ = . We know from [HW14] that Z3S(S*) = S* + 

— and DS{B) = B[—l]. Hence DS{S'^®S^) splits into four indecomposable 
summands each of superdimension 1 or each of superdimension -1: 

DSiS'^ © S^) = (S* © H-i) © (S^' © - j]) 

= [1 - j] © [1 - i] © H- 2[2 - 7 - j]. 

Hence M = S*©S'^ splits into at most four indecomposable summands of sdim ^ 0. 
Lemma 5.4. Every atypical direct summand is * -invariant. 

Proof. If / is a direct summand which is not “-invariant, M contains I* as a direct 
summand and [/] = [/*] in KoiflZn)- However any summand of length > 1 must 
contain a factor of type o which occur in M only with multiplicity 1, a contradiction. 

□ 

Corollary 5.5. The superdimension of any maximally atypical summand is ^ 0. 

Proof. M does not contain any projectice cover (look at composition factors). If 
sdim{I) = 0, DS{I) = 0. However ker{DS) = AKac [HW14] (the modules with a 
filtration by AntiKac-modules) which are not *-invariant, unless they are projective. 

□ 

Assume i > j. By ^-invariance the Loewy length of a direct summand is either 
1 or 3. If / is irreducible, then necessarily / = □ for a composition factor of the 
socle. By socle considerations both □ will split as direct summands. The remaining 
module has superdimension zero, hence the Loewy length of a direct summand is 
3. Fix a composition factor of type □. The multiplicity of □ in the socle cannot 
be 2. If the multiplicity of □ in the socle is zero, then □ has to be in the middle 
Loewy layer. But this would force composition factors of type o to be in the socle. 
Contradiction. Hence 

Corollary 5.6. For i > j 

soc{S^(g)S^) = ®BerS^+^-^ ®---®Ber^-^S^-^+^. 

Assume i > j. Then the superdimension of a direct summand is either 2 or 4. 
Hence M is either indecomposable or splits into two summands M = /i 0 /2 of 
superdimension 2. If M would split, it would split in the following way: 
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O 


o-□-o © o-□-o 


o-□-o o-□-o 


o-□-o o 

Now we use the ring homomorphism d{M) = — H~{M) , d : K[){TZn) —?■ 

ifo('^n-i) defined above. We know 


d{S^ © S^) = 

Since DS maps Anti-Kac modules to zero, d{) of any square with edges B^S^, 

is zero. Hence dih) is given by applying d to the hook 
in the lower right d{S^+^ + + 5 - 15 '*+^) and to 

from the upper left of l 2 - We get d{l 2 ) = + (—_(- (^—ly _I_ 

with the two additional summands {-iyB^+^+^-^ + {-iyB^+^-^. 
Contradiction, hence M is indecomposable. 

Now assume i = j. By the socle estimates for S'* © S* and ^-duality either 
splits as a direct summand or both lie in the middle Loewy layer. Note 
that Hom{B^~^, © S*) = Hom{B^~^ © (S*)^,S*) = End{S^) = k, hence the 

last case cannot happen. Hence splits as a direct summand. We show that 
the remaining module M' in S* © S* = © M' is indecomposable. As in the 

i > j-case the Loewy length of any direct summand of M' must be 3. As before we 
obtain for i = j 

soc(S*©S0 = S2*-i©HerS2*-3©...©Her*-iSi©H*-b 

The remaining part M' can either split into three indecomposable modules of su¬ 
perdimension one each, in a direct sum of two modules of superdimension one 
respectively two or is indecomposable. One cannot split the upper left / 


o 


o 


□ 
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as a direct summand since its superdimension is —1. Similarly one cannot split 


o-□-o 


o o 

as a direct summand since the remaining module would have superdimension zero. 
Since all composition factors except the i?’s have superdimension ±2, M' could 
split only into M' = Ii® I 2 with sdim{Ii) = 1 and sdim{l 2 ) = 2 with I 2 as above. 
We argue now as in the i > j-case. We have 
d{M) = 52 * + 

but d{l 2 ) has four summands as in the i > j-case. Contradiction, hence M is 
indecomposable. 

Corollary 5.7. Up to summands which are not in the maximal atypical block 
we obtain the following decompositions. S'* ® ~ M {i > j) where M is indecom¬ 

posable with Loewy structure 

Si+J-^ 0 BerS*+^-3 © • • • © Ser^-iS*-^+i \ 

S*+^(l + Ber-i) + • • • + Ber^S*-J(l + Ber-^) 

Si+J-^ 0 SerS*+J-3 © • • • © Ber^-^S^-b+^ J 

and ® S'^ = 5*“^ © M where M is indecomposable with Loewy structure 
S2i-i 0 BerS'^^-^ © • • • © BeU~^S^ 

S2*(l + Ber-^) + • • • + Ber*S°(l + Ber-^) + 

S2*-i © BerS^^-^ © • • • © BeU-^S^ 

6. Gl{2\2) TENSOR PRODUCTS - THE GENERAL CASE 

We compute the remaining contributions to the tensor product S* ® S^ in 7?,„ 
for n > 2. These are all irreducible which basically follows from the fact that all 
lower atypical summands in an Agi © Agj tensor product are irreducible. 

Lemma 6.1. Agi © Agj is a direct sum of maximally atypical summands and 
(n — 2)-times atypical irreducible representations. Likewise for A^i © Ayvi. The 
(n — 2)-times atypical summands are irreducible. 

Proof. In the decomposition of lift{{i] 1*) © (j; 1-^)) in Rt, the bipartitions which 
will not contribute to the maximal atypical block are of the form 

[{i+j-k,ky,i2\v+^-^^)] 
for some k,r > 0 and k r. We have 

■^A ={i + j - fc, fc - 1, -2, -3, -4,...} 

/v ={-l, 0 ,1,..., r - 2, r, r + 1,..., i + j - r - 1, i + j - r + 1,...} 

Since k r, neither one of the two conditions i-\-j — k = i-\-j — r, k — 1 = r — 1 
is satisfied, hence the two sets intersect at two points, hence the weight diagram of 
any such bipartition has two crosses and two circles. Clearly the weight diagrams 
do not have any VA-pair, hence the corresponding modules are irreducible. □ 
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Lemma 6.2. The composition factors of S^(E>S^ which are not maximally atyp¬ 
ical are given hy the set 

+j - k,r = 0,l,...,min{i,j), k^r. 

All these modules are (n — 2)-fold atypical irreducible. 

Proof. This is again a recursive determination from the Agi (8) Agi tensor products. 
As before the S'* ® S^ and S* (8 S^-cases for i > 1 respectively i > 2 should be 
treated separately. For S* ® , i,j>3 we obtain the regular formulas 

Ag, ® Agj =(S* + 2S*-i + S*-2) (8 (S^' + 2S^-i + S^'^) 

=S* (8 S^ + lower terms 

where the lower terms are known by induction. In the Agi (Ei Agj tensor product 
the i?(, )’s from above cannot occur (for degree reasons) in any tensor product 
Agp ® As® for p < j, q < j where either p < i or q < j. Hence they cannot occur in 
any tensor product decomposition of any S^ 8 S'^ for p, q as above, hence they have 
to occur in the S* 8 SAdecomposition. The number of these modules is {min{i,jY — 
min{i,j). Substracting the inductively known numbers of not maximally atypical 
contributions in 8 S'^ in the A^i 8 A 53 -tensor product from the number of all 
such contributions in Agi 8 Agj we get min{i,j)‘^ — min{i,j) remaining modules. 
Hence there are no other summands in S* 8 S-^. □ 


Lemma 6.3. The irreducible representation R{{i -\- j — fc, A:); (2’’, 1*+-^ ^’’)) is 
isomorphic to 


-f j - /c, fc, 0 ,..., 0 | 0 ,..., 0 , -r, -i- j + r). 


Proof. . Let m denote the maximal coordinate of a cross or circle in the weight 
diagram of the bipartition. To obtain the weight diagram of the highest weight 
we have to switch all labels to the right of this coordinate as well as the first 
M — n -I- 2 labels to its left which are not labelled x or o by the explicit description 
of 6 in [Heil4]. Since we have four such labels this amounts to switching all the 
labels at positions > — 1 and < M (all of them V’s) and the n — 2 A’s at positions 
—2,..., —n -|- 1 to V’s. The crosses are at the positions i -\- j — k,k — 1 and the 
circles at the positions i -\- j — r,r — 1. The result follows. □ 

Lemma 6.4. The lower atypical direct summands of S'* 8 are given by the 
set 

i?((z-kj-fc,fc);( 2 ’',l*+'^“^’')), k,r = 0,l,...,min(i,j), k ^ r. 


Proof. For any irreducible mixed tensors i?(A), i?(p) we have Exti{R{X), R{p)) = 0 
since every block contains a unique irreducible mixed tensor by [Heil4]. □ 


For a maximally atypical weight (Ai,..., A„| — A„,..., — Ai) denote by 
Lo(Ai,..., A„) Kl Lo(—Art, ■ • ■, —Ai) 

the underlying irreducible Gl(n) xGZ(n)-module. Denote by tt the following additive 
map from irreducible Gl{n) x Gl(n) modules to irreducible GZ(n|n)-modules: 


7r((Lo(Ai,..., A„) Kl ..., p-n)) 

I ■ 5 • 5 /^n) 


Z/(Ai,..., Xji i/ii,..., /in) ^ r 
else. 
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Corollary 6.5. The not maximally atypical contributions to S'* ® are given 
by 

7r( (Lo(*,0, ...,0)KLo(0,...,0,-i) ) 0 ( Lo(j, 0,..., 0) K Lo(0, ■ • ■, 0,-j) ). 

Corollary 6.6. For n = 2 the tensor product S* <S> (i > j) decomposes as 

/ S*+^-i0BerS*+^-3©...©Ser^-iS*-^+i \ 

S* © S^ ~ S*+^ (l + Ber-i) + • • • + Ber^S*-^ (l + Ber-^) 

\ S*+^-i©SerS*+^-3©...©Ser^-iS*-^+i / 

©7r( {Loii, 0,..., 0) K Lo(0, ...,0,-i) ) © ( Lo(j, 0,..., 0) K Lo(0, ■ • ■, 0, -j) ). 
The tensor product S* © S* decomposes as 

( S2*-i©SerS2*-3©...©Ber*-iSi 

S* © S^ ~ © S2*(l + Ber-^) + • • • + Ber*S°(l + Ber-^) + 

\ S2*-i©SerS2*-3©...©Ber*-iSi 

©7r( (So(*, 0,..., 0) K Lo(0,..., 0, -i) ) © ( Lo(*, 0,..., 0) K Lo(0,..., 0, -i) ). 

Remark. For n = 2 all the maximal atypical summands in S* © have 
nonvanishing superdimension. This is true for any n > 2 and follows from results 
in [Heil4], section 13. 

Remark. One can show [HWng] that the projection of S* © {i > j) to the 
maximal atypical block is always indecomposable for n >2 and is a direct sum of 
two indecomposable modules for i = j. 


7. The G;(3|3)-case and a conjecture 

The method applied to compute the S* © tensor products in the G/(2|2)-case 
works in principal for arbitrary n. Note that the results on the Agi © Agj tensor 
products are valid for any n. Furthermore we determined the part of S'* © which 
is not maximal atypical for any n > 2, hence we restrict here to the maximal 
atypical part. The obstacle to use the method of the 7^2-case effectively is that 
the composition factors of the modules R{a, b) appearing in the Agi ® Agj-case are 
difficult to compute. Decomposing a few ii(a, b) for small a and b in the n = 3- 
case and then computing the composition factors of the S* © tensor products 
recursively, we arrive at the following tensor products (A^ = (S^)'^). 

/ Si \ 

Si © Si ~ 1 © S^ + + 1 

V ) 


s" \ 

S3 + [ 2 , 1 , 0 ] + S 1 + R-i 

S" J 

( S3 

~ S4 + [ 3 , 1 , 0 ] + S2 

V S3 




S3 ©Si 
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5'2(g)S'2 ~ [1,1,0] 

/ 53 ©[2,1,0] 

© 54 © [3,1,0] © [2,2,0] © A2 © [2, -1, -1] © [0, -1, -1] + 5*2 + 1 

V 53 ©[2,1,0] 

/ 54+ [3,1,0] 

S'3 © S'2 _ 5,5 [4^ 4^ 0] + [3,2,0] + 5*3 + [2,1,0] + [3, -1, -1] 

V 54+ [3,1,0] 



S'3©S'3 _ [2,2,0]© 

/ ^3 +[4^ 4^0] ^[3^ 2,0] \ 

S'6 + [5, 4 ,0] + [4,2,0] + B-iS'3 + [3,3^ 0] + 54 + [3,1,0] + [1,1,0] + [2,2,0] , 

V 53+ [4,1,0]+ [3,2,0] J 

The conjectural general picture. For n>?>,S''®S^=M will be indecomposable 
Hi ^ j. S^' ® S'' splits as 

[i — 1, i — 1,..., i — 1,0] © M. 

The socle of M is for i > j 

soc{M) = [z + j - 1,0,... ,0] + [i + j - 2,0,... ,0] + ... + [i, j - 1,... ,0]. 

M has Loewy length 3. Note that since Kgi —>■ Kgj S'^ ® and the maximal 
Loewy length of an i?(a, b) is 5, the Loewy length of M is at most 5. 
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